PhD Qualifying Exam (Math) Spring, 2023

Name:
Question: 1 2 3 4 5 Total
Points: 25 25 25 25 25 100
Score:

Instructions:

e Solve only four of the five problems

e Show all your work; no points are given if you solely provide the final solution.
e Please return the sheets along with your answer sheets.

e Do not make any assumptions that change the nature of the problem.
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Problem 1 — Partial Differential Equation (25 Points)

Consider the following partial differential equation cantilever-beam problem:
Ut — Uy tu=20
with
u(0,t) =0,
u(l,t) =0,
and
u(x,0) = sin (mx)
where 0<x<1,and 0<t< oo,
(a) Derive the separated coupled ordinary differential equations using the principle of separation of
variables u(x, t) = X(x)T(t). (7 points)
(b) Find the general solution to the ordinary differential equations for X (x) and T'(t). (3 points)
(c) Apply the boundary conditions u(0,t) = 0 and u(1,t) = 0 to estimate the value of the
unknown constants of the general solution that was estimated in (b). (8 points)
(d) Calculate the remaining coefficients for the initial value problem u(x, 0) = sin (7x) (3 points)

(e) Draw (plot) the solution for u(x, 1) in the interval x = [0, 6] (2 points)

(f) Draw (plot) the solution for u G t) in the interval t = [0, 2] (2 points)
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Problem 2 — Power Series Solutions (25 Points)

Consider the differential equation

(a)
(b)
(c)

(d)
(e)

y'—=xy=0

Determine whether the differential equation ha s singular points. Explain (2 points)

Determine whether x = 0 is an ordinary point of the differential equation. Explain. (2 points)
Find a recurrence formula for the power series solution around x = 0 for the differential
equation (5 points)

Express the coefficients a, to agas a function of ag or a;. (7 points)

Use the recurrence formula of the power series solution to find analytical expressions for (i)
possible solutions of the differential equation, and (ii) the superposition of all possible solutions.

(9 points)
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Problem 3 — Method of underdetermined coefficients (25 Points)

Consider the following ordinary differential equation
y" +2y"+ 0.75y = 2 cos(x)
(a) Provide the homogenous solution (max 6.5 points).
(b) Provide the particular solution using the method of underdetermined coefficients. Calculate all

unknown coefficients of this particular solution (max 6.5 points).

Now consider the following ordinary differential equation
y"+3y"+3y' +y=e*—x—-1
with the characteristic polynomial (1 + 1)3 = 0.
(c) Provide the homogenous solution (max 4 points).
(d) Provide the particular solution using the method of underdetermined coefficients. Calculate all

unknown coefficients of this particular solution (max 8 points).
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Problem 4 — Exact Equations & Integrating Factors (25 Points)

Consider the following first order ordinary differential equation for y(x)

(a) Show that the above ODE is not exact by checking the exactness condition (max 6 points).
(b) Transform the ODE into an exact ODE using an integrating factor (max 7 points).
(c) Solve for the implicit general solution of the exact ODE from part b) (max 8 points).

(d) Solve the explicit particular solution with the initial condition y(1)=-1 (max 4 points).
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Problem 5 — Reduction of Order (25 Points)

Consider the following first order ordinary differential equation (ODE) for y(x) with x > 0:

2y
2xy" =3y' + ~ = 0

Suppose that one solution is known to be y;(x) = x?
(a) Verify that yi(x) is indeed a solution to the ODE (max 4 points).

(b) Use the reduction of order method to find a second solution yz(x) (max 15 points).

(c) Show that yi(x) and y2(x) form a fundamental set of solutions (max 6 points).
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Useful trigonometric identities:
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