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Equation Sheet
1 Newtons second law and equations of kinematics

The net force F on a particle of mass m is given by∑
i

Fi = F = ma = m
dv

dt
. (1)

For a system of particles

F = maG = mv̇G. (2)

2 Linear and curvilinear motion

2.1 Motion along a path

s,

ṡ = v.

s̈ = v̇ = a,

ads = vdv. (3)

2.2 Angular motion relations

θ,

θ̇ = ω.

θ̈ = ω̇ = α,

α dθ = ω dω. (4)

1



Qualifying exam:Dynamic Systems Spring 2023

2.3 Projectile motion

ax = 0, ay = −g,

vx = (vx)o, vy = (vy)o − gt,

x = xo + (vx)ot, y = yo + (vy)ot− g
t2

2
,

v2y = (vy)
2
o − 2g (y − yo) . (5)

3 Vector relations

3.1 Cartesian

r = xi+ yj+ zk,

ṙ = v = ẋi+ ẏj+ żk,

r̈ = v̇ = a = ẍi+ ÿj+ z̈k. (6)

3.2 Normal and tangential

v = vet,

v̇ = a = v̇et +
v2

ρ
en. (7)

3.3 Polar coordinates

r = rer,

ṙ = v = ṙer + rθ̇eθ + żk,

r̈ = v̇ = a =
(
r̈ − rθ̇2

)
er +

(
rθ̈ + 2ṙθ̇

)
eθ + z̈k. (8)

Note that α is often used to represent θ̈ and ω is substituted for θ̇.

4 Relative velocities and accelerations (vector addition)

Position of A relative to B is denoted rA/B

Similar vector addition rules apply for velocity and acceleration.
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Fig. 8: Rule of vector addition.

rA = rB + rA/B,

vA = vB + vA/B,

aA = aB + aA/B. (9)

Relative to a point B the position, velocity, and acceleration of a point A can be
determined from

vA/B = ωA/B × rA/B,

aA/B =
(
aA/B

)
n
+
(
aA/B

)
t
,(

aA/B

)
t
= αA/B × rA/B,(

aA/B

)
n
= ωA/B ×

(
ωA/B × rA/B

)
. (10)

5 Work

dU = F · dr = Fdr cos(γ) = Ftds. (11)

U1−2 =

∫ 2

1

F · dr =
∫ 2

1

Ftds (12)
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For an external force at angle γ with linear translation in direction dx

U1−2 =

∫ 2

1

F · dr =
∫ 2

1

F cos(γ)dx (13)

Work associated with a spring (a negative value indicates work done on the
spring)

U1−2 = −1

2
k
(
x22 − x21

)
. (14)

Work associated with gravity for small relative distances

U1−2 = −mg(y2 − y1). (15)

Work associated with friction

U1−2 = −µFN |x2 − x1| . (16)

5.1 Work-energy equation

T1 + U1−2 = T2. (17)

5.2 Work-energy equation(potential)

T1 + V1 + U ′
1−2 = T2 + V2, (18)

V = Vg + Ve, (19)
or

U ′
1−2 = ∆T +∆V. (20)

5.3 Potential energy

Stored.
Gravitational

Vg = mgh. (21)

Elastic (linear spring)

Ve =
1

2
kx2. (22)
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For a system of particles

T =
1

2
mv2G +

1

2

∑
i

mi |ρ̇i|2 . (23)

For rigid body, plane motion

T =
1

2
mv2G +

1

2
IGω

2, (24)

=
1

2
IOω

2. (25)

Equation 25 is for rotation about a fixed axis.
Force on an object in the field of scalar potential

F = −∆V (x, y, z), (26)

∆ = i
∂

∂x
+ j

∂

∂y
+ k

∂

∂z
(27)

6 Momentum and impulse equations

6.1 Distance to center of mass

rG =

∑
miri∑
mi

, (28)

or

mrG =
∑

miri. (29)

6.2 Linear momentum and impulse

G1 +

∫ t2

t1

∑
Fdt = G2. (30)

For a system of particles

G = mvG. (31)

and ∑
F = Ġ. (32)
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6.3 Moment of momentum and angular impulse

Angular momentum and moment of momentum are the same thing.
For a system of particles measured from a fixed point ’O’

HO =
∑

ri ×mivi, (33)∑
MO =

∑
r× F = ḢO. (34)

6.4 Angular impulse equation

HO1
+

∫ t2

t1

∑
MOdt+HO2

. (35)

6.5 About center of mass

HG =
∑
i

ρi ×mivi. (36)

∑
MG = ḢG. (37)

6.6 About arbitrary point P

HP = HG + ρG/P ×mvG. (38)

∑
MP = ḢG + ρG/P ×maG. (39)

Relative moment of momentum about P is

(HP )rel = HG + ρG/P ×mvP/G. (40)

∑
MP = ˙(HP )rel + ρG/P ×maP . (41)

or, equivalently ∑
MP = ḢG + ρG/P ×maG. (42)

6.7 Rigid body moments of momentum

.
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In addition to F = maG, ∑
MG = ḢG. (43)

∑
MP = ḢG + ρG/P ×maG. (44)

∑
MP = IPα+ ρG/P ×maP . (45)

or, equivalently ∑
MP = IGα+ ρG/P ×maG. (46)

6.8 Planar rigid bodies

All moments and rotation axes share a common unit vector direction.∑
MG = IGα, (47)∑
MO = IOα, (48)∑
MP = IGα +maGd, (49)∑
MP = IPα +maPd. (50)

If P is not accelerating P becomes O

d =
|ρ× a|

a
. (51)

Ho = IGω +mvGd = IOω. (52)

7 Second moment of mass about a centroidal axis

IG =

∫ Vol.

r2dm. (53)

Parallel axis theorem
IP = IG +mL2. (54)

P refers to a point that is fixed relative to the rigid body.
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8 Impact

8.1 Coefficient of restitution

Linear impact

e =
v′2 − v′1
v1 − v2

. (55)

8.2 Coefficient of restitution

Oblique impact.

e =
(v′2)n − (v′1)n
(v1)n − (v2)n

. (56)

9 Rotation about a fixed axis

9.1 In vector form

v = ω ×R, (57)
a = v̇ = ω × v + ω̇ ×R, (58)
= ω × (ω ×R) +α×R = an + at. (59)

9.2 Scalar form

Constant R.

v = Rω, (60)

an = Rω2 =
v2

R
= vω, (61)

at = Rα. (62)

10 Motion relative to rotating axes

vA = vB + ω × r+ vrel, (63)

aA = aB + ω̇ × r+ ω × (ω × r) + 2ω × vrel + arel. (64)
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11- Laplace Table 

 
 



 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
  



 
 

 
 
 
 
 
 
 
 
 
 
 
  



 
 

 
12- Quadratic Equation       
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13- Newton’s Second Law 
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14. Initial Value Theorem and Final Value Theorem 
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15. Equation of Motion and Transfer Function for a Damped Harmonic Oscillator 
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17. Definition of Natural Frequency, Damping Ratio, and Damped Natural Frequency 
 
Given a second order differential equation of motion ( )Ax Bx Cx g t     where A , B and C  are constants, ( )x t  
is the dependent variable and ( )x t  is the independent variable, the natural frequency, damping ratio and damped 
natural frequency can be defined.    
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18. Simple pendulum with rotational damping and input moment 
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19. Mass moments of inertia 

  



 
 

 
 

 




