Qualifying exam:Dynamic Systems Spring 2023

Equation Sheet

1 Newtons second law and equations of kinematics

The net force F on a particle of mass m is given by

dv
F,=F = = m—. 1
Z ma mdt (1)

For a system of particles

F = mag = mvg. 2)

2 Linear and curvilinear motion

2.1 Motion along a path

S,

5= .

s =0 =a,

ads = vdw. 3)

2.2 Angular motion relations

adf = wdw. 4)
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2.3 Projectile motion

Ay = 07 ay = -9,
Uy = (Ux)m Uy = (vy)o — gt,

t2
r =2, + (Ux)ota Y=Y+ (Uy)ot - 957

vr = (vy)s =29 (y — %) -

3 Vector relations

3.1 Cartesian
r = zi+ yj + 2k,
r=v=uxi+yj+ zk,
r=v=a=7zi+yj+ zk.

3.2 Normal and tangential

V = V€,
. . v
V=a=ve + —e,.

3.3 Polar coordinates

r =re,,
r=v =re,+ rley+ Zk,

a= <r — r92) e, + <7“é + 27'"9) ey + Zk.

F=v
Note that «v is often used to represent 6 and w is substituted for 6.

4 Relative velocities and accelerations (vector addition)

Position of A relative to B is denoted r 4/
Similar vector addition rules apply for velocity and acceleration.
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YA

ra/B

B
>
T
Fig. 8: Rule of vector addition.
ry=7rp+ryBp,
VA = VBt Va/p,
as =ap+ayp. )

Relative to a point B the position, velocity, and acceleration of a point A can be
determined from

VA/B = WA/B X TA/B,
ayp = (aa/s), + (@),
(HtA/B),f = Qy/B X T'y/B,
(aa/p), = wa/p X (Wasp X rasp) - (10)

5 Work

dU = F - dr = Fdr cos(y) = Fids. (11)

2 2
U1_2:/ F-dr:/ Fids (12)
1 1
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For an external force at angle v with linear translation in direction dx

2 2
Ui_o = / F-dr = / F cos(v)dx (13)
1 1

Work associated with a spring (a negative value indicates work done on the
spring)

1
lﬁfgzz—§k(xg—a¥). (14)
Work associated with gravity for small relative distances

Ui—s = —mg(y2 — y1). (15)
Work associated with friction

U1_2 = —/LFN ’1'2 — X1 . (16)

5.1 Work-energy equation

T+ U, =T (17)

5.2 Work-energy equation(potential)

T+ Vi+ U, =To+ Vh, (18)
V=V,+V, (19)
or
Ul_,=AT+ AV. (20)
5.3 Potential energy
Stored.
Gravitational
Vy = mgh. (21)
Elastic (linear spring)
L
‘/e == 5]{737 . (22)
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For a system of particles

2

1 2 1 . 2
T: —mUG+§zZ:ml|pZ‘ .

For rigid body, plane motion

1 1
T = —mwi + = Iqw?
2va+2Gw,
1
= —Tow?.
2 0%

Equation 25 is for rotation about a fixed axis.
Force on an object in the field of scalar potential

F=-AV(z,y, 2),

.0 .0 0

6 Momentum and impulse equations

6.1 Distance to center of mass

o Zmiri
rG_ Zm )
7

or
mrg = E m;r;.

6.2 Linear momentum and impulse

For a system of particles

and
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6.3 Moment of momentum and angular impulse

Angular momentum and moment of momentum are the same thing.
For a system of particles measured from a fixed point O’

Hp = Zri X MV, (33)

ZMO:ZI'XF:HO. (34)

6.4 Angular impulse equation

to
Ho, + / > Modt + Ho,. (35)
tq
6.5 About center of mass
HG = Z Pi X M;V;. (36)
Z M. = He. (37)

6.6 About arbitrary point P

Hpr =Hg + PG/p X MVG. (38)

ZMP = H¢ + pg/p X mag. (39)

Relative moment of momentum about P is

(Hp),q = Hg + pa/p X mvpq. (40)
> Mp = (Hp),y + pc/p x map. 41

or, equivalently
Y Mp =Hg + pep x mag. (42)

6.7 Rigid body moments of momentum
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In addition to F = mag,
Z Mg = He.
ZMP = Hg + pg/p X mag.

ZMP = Ipax + pc/p X map.
or, equivalently
ZMP = g + Pc/p X Mag.

6.8 Planar rigid bodies

All moments and rotation axes share a common unit vector direction.

ZMO = Ipa,
Y Mp = Iga + magd,
ZMP = Ipa + mapd.

If P is not accelerating P becomes O

X a
d:\p \_
a

H, = Iqw + mvgd = Ipw.

7 Second moment of mass about a centroidal axis
Vol.
Io = / r2dm.

Ip = Is+mL>

Parallel axis theorem

P refers to a point that is fixed relative to the rigid body.
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8 Impact
8.1 Coefficient of restitution

Linear impact

v — )

U1 — UQ.
8.2 Coefficient of restitution

Oblique impact.

9 Rotation about a fixed axis
9.1 In vector form
v=w X R,

a=v=wXxv+wXxR,

=wX (wxR)+axR=a,+a.

9.2 Scalar form

Constant R.

v = Rw,
2
_ 2 _ _
a, = Rw —E—Uw,

<

a; = Ra.

10 Motion relative to rotating axes

VA =VpF+ W XTI+ Vg,

ag=agp+twXr4+wx (WXr)+2w X Vi + &g
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11- Laplace Table

f(t) F(s)
1 Unit Impulse &(t) 1
1
2 Unit Step u(t) -
5
i 1
3 Unit Ramp r(t) =
4 e =1,23 !
m,n— g dng o e "
n!
5 t"n=1273.. prTs)
1
6 g~ e
s+a
7 te= -
¢ (s + a)?
tn-l 1
8 “at p=1,2,3.. —
(n—l}!e n=123 Gtar
n!
na=at — —
9 t"e"**,n=1,23.. G+ay
@
10 sin(wt) S tol
5
11 cos(wt) S tol
@
12 sinh{wt) g
5
13 cosh(wt) Sl
1 =it !
14 E(l - e } S(S"l‘ -ﬂ)
15 1 =at =bt !
poal® &) G+a)s+b)
bt t J
- - —_
16 b g be™ —ae™™) (s+a)(s+b)
1 1
17 —_— =at __ =bt ———
aplltg=p e —ae™)] SG+a)s+b)
18 1(1 _ E—:IE _ ﬂtE_‘" ;
a2 s(s +a)?




19

1
?Lur—1+4 ar)

1

iz +a)
&
a3l = e
20 & = sin(wt) (s+a) +w?
N e g+a
" —_
& cos{wt) (s+a) +awl
L § i - F ':';"l'l..2
23 —— ¢ "msin(ayy/1 — $%t)
Jy1—-{2 82 + 2{ iy s + iy’
1 —_—
_ =Ly i [ = 2p =
..;'1—_4,'1‘ -*sm(w“ 1—{ ﬂr] .
23 o _‘(JT.:I} £2 + 2[awgs + wyt
=tan ‘(———
4
1 —_—
—_ -y o -—
. 1 ﬁﬂ' m[“ﬂ\lrl 4 I.'+¢} ““2
¢ =t 5 naliina e i
{
wud
25 1 — cos{wt S ——
(we) s(s2+ w?)
]
W
26 — sin(w —
Wit — sm{wt) £3(s2 + w?)
27 sin(et) t eos{wt) 3
L) — @ W . T % ]
(s + w®)*
1 £
2B o tsin(wt) (2 +w)
2 2
-
29 tcos(wt —_—
) (£2 + w?)?
30 —1 Y Gyl )]sty 2 o Gy ? :
mf—w,:I (G T — COS{ @iyl )]s aly * 3 Gy (5T + wy ) (s + wy?)
1 s
1 2—[5i::|{¢..|:1 + wt cos{wt)]
)

(2 +wi)?




TABLE 2-2 Properties of Laplace Transforms

1 Z[Af(1)] = AF(s)
2 ZIA(2) £ fo(1)] = Fi(s) £ F(s)
3 .19 10| = sF(s) - 104
2
; 2L 10| = 2r) - ss008) - ji0w)
n (k—1)
[ L1w] = oF(s) - 3 5(08)

5 (k—1) k—1

where f(t) = dz"“f(t)
: o [10 P [ff(r)serZOi
7 [/f(t)dtd} F(s) ff(f)sft]: 0 L7 dtdt:oi
s | ol [ [roar| -T2+ 32| [ [rowr]
9 E[lf(t) dt} s
10 / f(t)de = 11m F(s 1ff f(t) dt exists
11 Lle™™f(1)] = F(s + a)
12 LUf(t — a)l(t — a)] = e ¥F(s) a=0

_dF(s)
13 f(1)] = ——
d2
14 L[f(1)] = FF(S)
15 Lf(1)] = (-1)";:,11:@) n=1,23, ...
16 S lf(t) - F(s)ds iflim-1~f(t) exists
t < t—0t

17 E[f(é)] = aF(as)




12- Quadratic Equation

As* +Bs+C =0
—B++/B*-44C
%12 = 24

13- Newton’s Second Law

Rectlinear motion in the x — direction

fo:mjc'

Rotation of a rigid body about pinned point O
Z my =J 0

14. Initial Value Theorem and Final Value Theorem
linol(x(t)) =lim(sX (s)) lim(x(2)) = lin(}(sX (s))
1> §—>00 —0 5>

15. Equation of Motion and Transfer Function for a Damped Harmonic Oscillator

—
> EEEE

fo:mjé

mx +bx+kx = f(¢)

X(s) 1
F(s) ms>+bs+k




17. Definition of Natural Frequency, Damping Ratio, and Damped Natural Frequency

Given a second order differential equation of motion 4x+ Bx+ Cx = g(¢) where A, Band C are constants, x(¢)
is the dependent variable and x(¢) is the independent variable, the natural frequency, damping ratio and damped
natural frequency can be defined.

C =0 Undamped, Oscillates Indefinitely, Purely Imaginary Roots
On = \/; ¢ <1 Underdamped, Exponentially Decaying Oscillation, Complex Roots
B B ¢ =1 Critically Damped, No Oscillation, Repeated Real Roots
6= 2\JAC - 24w, ¢>1 Overdamped, No Oscillation, Distinct Real Roots

o, =w1-¢

18. Simple pendulum with rotational damping and input moment

Nonlinear Equation of Motion

mI*60 +b 0+ mgLsin 6 = m(t)
Linearized Equation of Motion

mL*6 + bﬁ +mgLO = m(t)

Transfer Function

O(s) 1

M{(s) T mls* + b.s+mgL

Natural Frequency and Damping Ratio

o
L

j— b}”
2ml o,




19. Mass moments of inertia

. dm
Jp= fr‘dm
J ¥
¥ o)
Point Mass
o Jo=mL"
L
m
Parailel axis theorem




Impedances of passive electrical circuit elements

a b

Vaoltage

v

Lels) =R Z.(s)=— Z(sV=1Ls
Ciround Cs
Transfer function of a permanent magnet DC-motor (Unloaded)
M = KI (1) E =KD (2)
T— (L Tatal Bearimsg
. f R L Damping (b)
g _\.II P J
| Es
\ ,E,!. . b “.f.:h.h
J
M
(Js+ b5 =M (4)
E (s)—IR—ILs—E, (s)=0 @ [ _L
we =g
1) _ K B
E(s) JLs +(JR+bL)s+bR+KK,| |f== =

Loaded permanent magnet M -motor (steady state with load M) — Power and
Torque Curves

M, =%|';. _[!‘.‘R-I-%) £ F=Mm = ,::D o —{KK:: bH'] ﬂ:ilu:
Thermal Element Environmental Heat Exchange
Pir) fa
q‘ﬁmw # Tull)
T E:’:::L fie i L—
Material hent flow Material

meT = Plr) P_ =hA(T_(1)-Ti1))





